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Abstract 

Let G be a permutation group acting on a set V. A partition vr of 
V is distinguishing if the only element of G that fixes each cell of vr is 
the identity. The distinguishing number of G is the minimum number 
of cells in a distinguishing partition. We prove that if G is a primitive 
permutation group and \ V\ > 336, its distinguishing number is two. 

1 Introduction 

Let G be a permutation group acting on a set V. A partition vr of ^ is dis- 
tinguishing if the only element of G that fixes each cell of vr is the identity. 
The distinguishing number of G is the minimum number of cells in a distin- 
guishing partition. The study of this parameter was introduced by Albertson 
and Collins, see [1]. For other recent work on this problem see, for example, 
the work of M. Chan [3]. 

The result of this paper is that if G is primitive and on V and |V^| > 336, 
then its distinguishing number is two. 

We note that Theorem 1 from Seress [8] yields the same conclusion with 
an upper bound of 32. The best we can say for this paper is that our methods 
are more elementary, and may have some independent interest. 
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2 A Lower Bound 



Let G be a permutation group. The degree of G is just the size of V. The 
minimum degree of G is the minimum number of points moved by a non- 
identity element of G. 

We need the following lower bound on the order of a permutation group 
in terms of its minimum degree. The argument is based on Cameron [2] . 

2.1 Lemma. If G is a permutation group with distinguishing number at 
least three and the minimum degree of G is S, then \G\ > 1 + 2"^/^. 

Proof Assume v — \V\. We consider the action of G as a group of permu- 
tations of the power set of V. We recall that the number of orbits of G on 
subsets of V is equal to the average number of subsets fixed by an element 
of G. If gi e G and g has exactly k orbits, then it fixes exactly 2'^ subsets. 
Since the minimum degree of G is 5, we see that g has at most v — 5 orbits 
of length one, and at most 6/2 orbits of length greater than one. Therefore 
g fixes at most 2"~2 subsets of V, and the number of orbits of G on subsets 
is at most 

^(2^ + (|G|-l)2^-i). 

If the distinguishing number of G is greater than two, then any non-empty 
proper subset of V must be fixed by at least one non-identity element of G, 
and so the orbit of any subset has size at most |G|/2. Consequently the 
number of orbits of G is at least 

\G\/2 ^ ']G\' 

Combining these two bounds and rearranging yields the lemma. □ 

3 Primitive Groups 

The Johnson graph J{m,i) has the ^-subsets of {!,... .m} as its vertices, 
and two ^-subsets are adjacent if their intersection has size £—1. The graphs 
J(m, i) and J(m, m — i) are isomorphic, and so we will assume that 2i < m. 
The complete graphs are Johnson graphs (with i — 1). 

A subset S* of G is a block of imprimitivity for G if for each element g 
of G, either — S or S H = 0. Trivial examples of blocks are 0, any 
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singleton from V or V itself. If G is transitive and there are no other blocks 
we say that G is primitive, otherwise it is imprimitive. The size of a non- 
empty block must divide \V\, whence we see that if G is transitive and its 
degree is a prime number, then G is primitive. 

The Cartesian product X nY oi graphs X and Y has vertex set V{X) x 
V{Y), and vertices {x2,y2) in the product are adjacent if Xi — yi 

and X2 is adjacent to y2, or if X2 = y2 and Xi is adjacent to yi. We use X'-'" 
to denote the n-th Cartesian power of X, the Cartesian product of n copies 
oiX. 

For our purposes the main result (Theorem 1) of Guralnick and Magaard 
[5] can be summarized as follows. 

3.1 Theorem. Let G be a primitive permutation group of degree v. If the 
minimal degree of G is at most v/2, then one the following holds: 

(a) G is afRne over GF{2) and its minimal degree is v/2. 

(b) G is a transitive subgroup of the automorphism group of the Cartesian 
power of a Johnson graph. 

The following result comes from Maroti [7, Theorem 1.1]. 

3.2 Theorem. Let G be a primitive permutation group of degree v. Then 
one of the following holds: 

(a) G is a transitive subgroup of the automorphism group of the Cartesian 
power of a Johnson graph. 

(b) V e {11, 12, 23, 24} and G is one of the Mathieu groups. 

(c) \G\ < -t;i+ri°g2^1. n 

4 Distinguishing Primitive Groups 

Imrich and Klavzar prove the following result in [6, Theorem 1.1]. 

4.1 Theorem. The distinguishing number of a Cartesian power of con- 
nected graph is two, except in the cases ^, K^^ and (when it is 
three). 
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If the graph X has v vertices then 

Aut(X°") < Aut(X°") 
and therefore the distinguishing number of is bounded by that of K^"'. 

4.2 Lemma. If m > 21 then the distinguishing number of J{m,i) is two 
unless £ = 1 or £ = 2 and m = 5. 

Proof. Suppose £ = 2. Let Tm be the graph constructed from the path 
on n vertices by adding an edge joining the second and fourth vertices. If 
m > 5, then is asymmetric and its line graph is asymmetric. It follows 
that the partition of the vertices of L{K^) into the vertices which represent 
edges of Tm and the vertices which do not is a distinguishing partition for 
Aut( J(m, 2)) when m > 6. 

Now suppose ^ > 3. Let HPm denote the hypergraph with vertex set 
{!,..., 2m} and edges consisting of the m + 1 triples of consecutive integers 
from the vertex set. Add the edge consisting of the integers {2,...,m,m+2}. 
This modified hypcrpath is asymmetric, and it follows that Aut( J(m,£)) has 
distinguishing number two. □ 

4.3 Theorem. Suppose G is a primitive permutation group of degree v that 
does not contain Alt(i'). If v > 336, then the distinguishing number of G is 
two. 

Proof Suppose that the minimum degree of G is at least v/2. Then com- 
bining Lemma 2.1 and Theorem 3.2 we have 

Taking logarithms of each side of this yields 

v/4 < (1 + [log2t;]) log2W. 

This inequality fails if f > 336, and therefore the theorem holds when the 
minimum degree of X is at least v/2. 

If the minimum degree of G is less than v/2, then by Theorem 3.1 G 
must be a subgroup of the automorphism group of the Cartesian power of 
a Johnson graph. By Theorem 4.1, the distinguishing number of the n-th 
Cartesian power of J{m,£) is two unless J{m,£) is K2 or K3 and n < 3, or 
unless n = 1. Using Lemma 4.2 we see that in all these cases v < 336. Since 
the Mathieu groups have degree at most 24, these can also be ignored. □ 
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5 Comments 



Both the theorem of Guralnick and Magaard and the theorem of Mafoti 
depend on the classification of finite simple groups. We do have the following 
important bound due to Babai which can be used in place of the theorem 
of Guralnick and Magaard, and whose proof is entirely combinatorial. (For 
details, see [4, Theorem 5.3B].) 

5.1 Theorem. If G is a primitive permutation group of degree v that does 
not contain A\t{v), then its minimum degree is greater than y/v/2. 

However using this yields a lower bound of order 2^°, much larger than 
the bound of 336 that we computed. 
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